We study the existence of positive solutions for a system of two elliptic equations of the form
Introduction
In this paper, we study the existence and non-existence of positive solutions for the possibly singular Dirichlet problem for the Lane-Emden-Fowler system is decreasing on (0, ∞) and lim s→∞ g i (s) /s := 0, such that F i (x, t 1 , t 2 ) ≤ g i (t i ) for all (x, t 1 , t 2 ) ∈ Ω × (0, ∞) × (0, ∞); (F3) for every i ∈ {1, 2} there exists h i : (0, ϑ 1 ) × (0, ϑ 2 ) → (0, ∞) continuous non-increasing function such that
The scalar case corresponding to the system (1.1) has been studied by several authors and applied to a variety of problems. Examples are boundary layer phenomena for viscous fluids (Callegari-Nashman [1] , Shaker [2] ), pseudoplastic fluids (Callegari-Nashman [3] ), reaction-diffusion processes and chemical heterogeneous catalysts (Aris [4] ) and heat conduction in electrically conducting materials (Diaz [5] [16] , and references therein. More recently, the system of the type (1.1) has been considered by Ghergu [17] and Zhang [18] where F i has singular nonlinearities in all variables and by Conti, Merizzi and Terracini [19] for non-singular nonlinearities in all variables.
Motivated by these we establish results when the nonlinearities are singular in one of the variables and non-singular in the others; we also consider non-monotonic F 1 , F 2 . In addition, systems such as (1.1) also have a practical use since reaction-diffusion problems involve multiple interacting objects (Leung [20] ). For example, the nonlinear F i can describe the interplay between two chemicals in a reaction-diffusion process
where no reaction takes place when at least one of the densities vanishes. [19, 5] . Of course, it is always of interest to see if results for the single equation can be extended to the system.
Our first result addresses the case when Ω is a bounded domain.
and a i satisfy the condition
In the next result, we show that condition (1.3) remains nearly necessary in the radially symmetric case for the system (1.1). Typical examples of nonlinearities F 1 , F 2 for our main results are
Then we can easily see that
Preliminary results
Before establishing our main results, we need to develop some auxiliary lemmas. First, we recall an inequality found in [21] . 
The following result can be found in [25] .
Proof of Theorem 1.1
The main point here is the construction of a well-ordered pair of sub and super-solution of (1.1). To do this, let ϕ 
We want to prove that
 is a sub-solution of (1.1) where ϕ 
and moreover −∆v ≤ a 2 (x) F 2 (x, u, v). Thus we have constructed a sub-solution. Next, we construct a super-solution. Let ω a 1 +a 2 (x) be the solution to the problem (2.2)
We can define u :
where m 1 and m 2 are constants such that
It follows that
for all x ∈ Ω. Now we assert that u ≤ u for all x ∈ Ω. Suppose, contrary to the assertion, that
Setting w 1 := u 2 and w 2 := u 2 we get,
On the other hand by u = u = v = v = 0 on ∂Ω, it follows by Lemma 2.1 that u ≤ u in Ω which contradicts the assumption (3.2). Then Lemma 2.2 implies that there exists a
Proof of Theorem 1.2
We denote by (u n , v n ) the solution obtained in Theorem 1.1 for the system
where B n is the open ball of radius n centered at the origin. Next, we construct an upper bound for this sequence. Following the idea used by Goncalves and Santos [12] we consider u :
where M 1 and M 2 are constants such that
is the unique positive bounded radially symmetric solution of the problem
as observed Alves and Holanda in [26] . 2) and the Proof of Theorem 1.2 is finished.
Proof of Theorem 1.3
The idea of the proof is to note that if (4.2) has a radial solution, then the function (u, v) satisfies 
